Wireless communications, radio astronomy and other radio science applications are mainly implemented with techniques built on top of the electromagnetic linear momentum (Poynting vector) physical layer. As a supplement and/or alternative to this conventional approach, techniques rooted in the electromagnetic angular momentum physical layer have been advocated, and promising results from proof-of-concept radio communication experiments using angular momentum were recently published. This sparingly exploited physical observable describes the rotational (spinning and orbiting) physical properties of the electromagnetic fields and the rotational dynamics of the pertinent charge and current densities. In order to facilitate the exploitation of angular momentum techniques in real-world implementations, we present a systematic, comprehensive theoretical review of the fundamental physical properties of electromagnetic angular momentum observable. Starting from an overview that puts it into its physical context among the other Poincaré invariants of the electromagnetic field, we describe the multi-mode quantized character and other physical properties that sets electromagnetic angular momentum apart from the electromagnetic linear momentum. These properties allow, among other things, a more flexible and efficient utilization of the radio frequency spectrum. Implementation aspects are discussed and illustrated by examples based on analytic and numerical solutions.
of the electromagnetic field, is multi-mode, being a superposition of discrete, classical electromagnetic angular momentum eigenmodes, each uniquely identified by the number of 2π that the phase varies azimuthally during one period, i.e., by its topological charge. Hence, a wireless communication link where the transmitting and receiving ends each are equipped with a single, monolithic transducer allowing the charges to move in two and three dimensions so that it is able to generate and/or detect angular momentum modes directly, constitutes an angular momentum SISO link system. Such a system has the capability to accommodate multiple physical channels for information transfer on a single carrier frequency within the same frequency bandwidth as that of a single-channel linear momentum SISO system. The actual number of physical angular momentum channels that can be used in a certain application is limited classically only by engineering and implementation issues.
The multi-mode capability of systems based on electromagnetic angular momentum is a consequence of the fact that different eigenmodes are topologically distinct and linearly independent by virtue of their mutual functional orthogonality in a Hilbert space of denumerably infinite dimension. These mathematical properties ensure that the angular momentum eigenmodes are physically separable and therefore can accommodate multiple independent data streams even in situations when the modes occupy the same frequency and overlap each other in space and time.
In order to put angular momentum into its proper physical context and on a firm theoretical basis, we first review the properties of the electromagnetic field that makes wireless information transfer possible. Then we continue with a rather detailed theoretical presentation of the physics itself, touching upon first quantization quantum aspects of classical electrodynamics and its observables.
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Furthermore, concepts and issues related to the exploitation of the angular momentum physical layer and practical implementations are discussed in general terms both formally and by way of examples.
A theoretical description of electromagnetic angular momentum in the context of the ten Poincaré invariants and the associated conservation laws is presented in an Appendix. In another Appendix we derive exact expressions, valid in all space, for the fields from one or more electric Hertzian dipoles, as well as the second-order field quantities that enters the expressions for the linear and angular momentum densities carried by these fields.
II. BACKGROUND
The fundamental physical property of the classical electromagnetic field (E, B) that renders wireless information transfer possible is its capability to transport physical observables, i.e., directly measurable intrinsic and extrinsic electromagnetic quantities, over long distances through free space, solids, fluids, gases, and plasma. The observables are generated within a volume of finite spatial extent (the source volume V ), and then propagated in the form of volumetric densities to a remotely located volume of likewise finite spatial extent (the observation volume V ) where these densities are volume integrated into observables and the information carried by them subsequently decoded and analyzed. Each electromagnetic observable density is second order (quadratic or bilinear) in the fields E and B and fulfills an equation of continuity. In classical physics terms these observables can be viewed as the result of the changes in the dynamics, e.g., acceleration, of the charged particles in the source volume and, causally, in the observation volume.
In classical electrodynamics the interplay between the microscopic electric charge and current densities ρ e (t, x) and j e (t, x) and the electric and magnetic fields, E(t, x) and B(t, x), and between the fields themselves are described by the MaxwellLorentz equations. Allowing also for magnetic charge and current densities, represented by the pseudoscalar ρ m and the pseudovector j m , respectively, [1] [2] [3] , these equations can be extended to the more symmetrical form [4] [5] [6] ∇ ∇ ∇ · · · E = ρ e ε 0 (1a)
where c is the speed of light in free space and ε 0 is the dielectric permittivity of free space. This set of linear, inhomogeneous, coupled, partial differential equations are the postulates of classical electrodynamics from which all properties of the classical electromagnetic field, its observables, and interactions can be derived. These postulates are valid for radio and optical wavelengths alike inasmuch as they are scale invariant and are Table I . Various second-order products of the Riemann-Silberstein vector G = E + icB with itself and their meaning in terms of quadratic and bilinear products of the fields E and B. Complex conjugate is denoted by an asterisk ( * ). therefore valid for classical wireless information transfer at all frequencies.
Complex-valued notation
It is convenient to express the fields E, B ∈ R 3 in terms of the complex-valued Riemann-Silberstein vector [7] [8] [9] [10] [11] G(t, x) = E(t, x) + icB(t, x) ∈ C 3 , i 2 = −1
some properties of which are listed in Table I , and to express the charge and current densities in the complex-valued forms ρ(t, x) = ρ e (t, x) + i c ρ m (t, x) (3a)
Dirac's symmetrized Maxwell-Lorentz equations (1) then attain the complex-valued form
Following Białynicki-Birula and Białynicka-Birula [12, 13] , who instead of G use a differently normalized complex vector, viz. F = G ε 0 /2, we first introduce the linear momentum operator for the field, 
i.e., the spin-1 matrices fulfilling the angular momentum commutation rule is the fully antisymmetric rank-3 pseudotensor (the Levi-Civita symbol). Then, thirdly, we introduce the field helicity operator
This allows us to write the Maxwell-Lorentz equations (1) in free space and other domains where ρ e = ρ m = 0 and j e = j m = 0 in the formp 
Recalling the quantal relation p field = k, where k is the wave vector, we see that the first equation, Eqn. (11a), is the transversality condition, k ⊥ G, for electromagnetic waves propagating in free space, whereas the second equation, Eqn. (11b), describes the dynamics of the field and takes the form of a Schrödinger/Pauli/Dirac equation whereĤ field behaves as a Hamilton operator for the free electromagnetic field. The electromagnetic theory that corresponds to classical mechanics is the geometrical optics (eikonal, "ray optics") approximation of the Maxwell-Lorentz equations [14] . The solutions of Eqn. (11b) can, in certain aspects, be viewed as first quantization photon wave functions that obey the superposition principle [3, . However, CohenTannoudji et al. [40, p. 204] argue against ". . . suggesting (in spite of warnings) the false idea that the Maxwell waves are the wave functions of the photon."
Electromagnetic observables that can be physically measured directly and therefore be used in radio and optical science and technology applications are linear combinations of second order (quadratic, bilinear) quantities such as E · · · E, B · · · B, E × × × B, x × × × (E × × × B), and similar and can be accurately calculated from the first order fields E and B that are solutions of Eqns. (1) .
In fact, as was pointed out by Silberstein [8, 9] , it is very convenient to calculate these second order quantities in a formalism based on the complex vector representation given by Eqn. (2) , today known as the Majorana-Oppenheimer formalism. This formalism is also convenient for canonical (second) quantization of the electromagnetic field [12, 30] .
However, the fields themselves are abstractions in the sense that they cannot be measured directly but have to be estimated from measurements of physical observables that are quadratic or bilinear in the fields. To quote what Dyson [41] wrote in a very insightful and readable essay: "Fields are an abstract concept, far removed from the familiar world of things and forces." "The modern view of the world that emerged from Maxwell's theory is a world with two layers. The first layer, the layer of the fundamental constituents of the world, consists of fields satisfying simple linear equations. The second layer, the layer of the things that we can directly touch and measure, consists of mechanical stresses and energies and forces. The two layers are connected, because the quantities in the second layer are quadratic or bilinear combinations of the quantities in the first layer. . . . The objects on the first layer, the objects that are truly fundamental, are abstractions not directly accessible to our senses. The objects that we can feel and touch are on the second layer, and their behavior is only determined indirectly by the equations that operate on the first layer. The two-layer structure of the world implies that the basic processes of nature are hidden from our view." ". . . the objects that are truly fundamental, are abstractions not directly accessible to our senses. . . It means that an electric field-strength is an abstract quantity, incommensurable with any quantities that we can measure directly." "It may be helpful for the understanding of quantum mechanics to stress the similarities between quantum mechanics and the Maxwell theory." Hence, in order to satisfactorily assess and optimally exploit the information-carrying capability of the electromagnetic field in all conceivable application scenarios in radio and optics, it is essential to analyze not only the properties of the fields as such but also the properties of the electromagnetic observables, which are second order in the fields. In Sect. III we will show that the physical observables themselves (the volume integrated densities) all tend to a constant value when they propagate in free space and the distance from the radiation source tends to infinity. This means that there exists no finite distance from the source beyond which any of these observables tends to zero or vanishes identically. Consequently, they can all carry information over arbitrary large distances in free space, albeit subject to engineering limitations (angular distribution, sensor area, detector sensitivity, noise, integration time, . . . ).
However, of all physical observables that may potentially be used for wireless information transfer, present-day radio science and engineering implementations almost exclusively exploit only the linear momentum observable. This is because a conventional linear receiving antenna is an observation volume V in the form of a very thin cylinder where the charges are constrained to move in one dimension in the form of a conduction current; this current is carried by the electrons that can be viewed as moving relative to a fixed neutralizing background without recoil. Such an antenna, typically with a length L of the order half a wavelength, senses a projection of the field linear momentum density vector and integrates the component of the electric conduction current density vector j e (t, x) over L along the axis of the cylinder into a time-varying, spatially averaged scalar conduction current. This spatially averaged scalar current is fed to the receiver equipment (usually an electronics device) where it is processed and the wirelessly transferred information is extracted. In the process, the vector character of the current density is discarded and hence information is lost.
Linear momentum wireless information transfer techniques have the advantage that they are simple, robust, and easy to implement, but have the drawback that they can be wasteful when it comes to the use of the frequency spectrum. This is because electromagnetic linear momentum is single-mode, allowing only one independent linear-momentum physical channel of information transfer per carrier frequency (per wave polarization, per antenna). The ensuing over-crowding of the radio frequency bands, often referred to as the "spectrum crunch", has become a serious problem in radio communications and also imposes limitations on radio astronomy and other radio science applications as well as on fiber optics communications. It is doubtful whether further evolutionary refinements of conventional techniques and methods built on the linear momentum density (i.e., Poynting vector) physics layer alone will, in the long term, suffice to remedy these problems.
This situation has led to the idea of exploiting so far underutilized physical observables of the electromagnetic field that do not suffer from the inherent information-carrying limitation of present-day radio techniques. The development and exploitation of a new physical layer that has a higher informationcarrying capacity per unit bandwidth already at the fundamental physics level, before any multi-transducer or other spectral density enhancing techniques are applied at the engineering application layer, sets the stage for new radio paradigms that may enable a wiser exploitation of the radio frequency spectrum resource.
Specifically, it has been proposed that the electromagnetic angular momentum (moment of momentum), discussed already by Maxwell in his writings in the 1860's [42] , studied by other authors since over a century [43] [44] [45] [46] , and nowadays treated in standard physics textbooks [3, 4, 40, [47] [48] [49] [50] [51] [52] [53] [54] [55] , be fully exploited in radio science and technology [5, [56] [57] [58] [59] [60] [61] [62] . The rationale being that it has been demonstrated in experiments at microwave and optical wavelengths that by exploiting the electromagnetic angular momentum, one can drastically increase the information-carrying capacity of wireless communications [63] [64] [65] [66] [67] .
This increase is mainly due to the fact that angular momentum is discretized (quantized) already at the classical level. An arbitrary angular momentum state is namely a superposition of discrete classical angular momentum eigenmodes that are mutually orthogonal in a Hilbert space [56, 64, [68] [69] [70] [71] [72] [73] . Each eigenmode is characterized by a unique integer that denotes its topological charge, corresponding to the azimuthal quantum number (mode index).
As an illustration of how one can increase the informationcarrying capacity of a radio beam by exploiting the fundamental physical properties of its angular momentum, let us consider a cylindrical symmetric beam where the individual electric field vectors E(t, x) (and the associated magnetic field vectors) are expressed in cylindrical coordinates (ρ, ϕ, z) as (13) where E 0 is a constant vector, R is the radial part, Φ is the azimuthal part, T is slowly varying as a function of time t, Z is slowly varying as a function of longitudinal distance z, and k z is the z component of the wave vector, corresponding to the z (longitudinal) component the linear momentum p z = k z of each photon of the field.
If Φ(ϕ) is well-behaved enough that it can be represented by a Fourier series (14) then, according to Eqn. (A53c), the z component of the orbital angular momentum (OAM) iŝ
i.e., a weighted superposition of L field
In particular,L
which means that the z component of the orbital angular momentum of each photon in this beam is m . The quantization of the orbital part of the classical electromagnetic angular momentum just demonstrated is a consequence of the single-valuedness of the electromagnetic fields upon their winding an integer number of 2π in azimuth angle ϕ around the beam axis z, resulting in a Bohr-Sommerfeld type quantization condition [49, [74] [75] [76] [77] . It should be stressed that this quantum property exists already at the classical electrodynamics (Maxwell) level. Mathematically it can be expressed in terms of Hilbert space orthogonality between the OAM eigenstates m 1 | and |m 2 as follows: Figure 1 . The two-dimensional oscillation/rotation plane spanned by the temporal phase oscillation rate, i.e., the frequency ω (horizontal axis), and the angular phase rotation rate α, i.e., the z component of the orbital angular momentum (OAM) L z (vertical axis) in units of Planck's normalized constant . The right-hand, green part of the horizontal axis represents right-hand circular polarization (spin), and the left-hand, red part of the axis represents the opposite, right-hand circular polarization (spin). The α axis is rasterized into rotational frequency bins of azimuthal mode numbers m because of the singlevaluedness of the fields that causes a quantization of L z , and the ω axes are rasterized in terms of bandwidth segments. The solid green squares in the right-hand plane represent different transmission channels on the same carrier frequency ω + , with the same frequency bandwidth ∆ω + , and in the same spin (polarization) state σ = +1, but in different rotational frequency bins α m 1 and α m 2 , corresponding to two different OAM azimuthal quantum numbers m 1 and m 2 , respectively. The solid red squares in the left-hand plane represent transmission channels with the same carrier frequency (ω − = ω + ) and frequency bandwidth (∆ω − = ∆ω + ) as for the right-hand (green) plane, but in the opposite spin state σ = −1, allowing a more optimum use of the frequency spectrum. All possible squares in the (ω ± , α) plane constitute unique, independent information transfer eigenmode channels (ω, σ , α m ). For instance, the six solid squares in the figure use the same carrier frequency and occupy the same frequency bandwidth. This is therefore an example of a six-fold frequency re-use.
where δ m 1 m 2 is the Kronecker delta. This orthogonality ensures that different L z eigenmodes E m can co-exist on the same carrier frequency ω and in the same polarization state σ , allowing a simultaneous transfer of different information streams independently, without the need for extra frequency bandwidth. In other words, OAM spans a state space of dimension N = 1, 2, 3, . . ., and can therefore be regarded as an "azimuthal (tangential) polarization" with arbitrarily many states [65] . This makes it possible, at least in principle, to use OAM to physically encode an unlimited amount of information onto any part of an EM beam, down to the individual photon [78, 79] .
In the particular case that (20) where k ϕ is the ϕ (azimuthal) component of the wave vector, and α has a non-integer value, the Fourier amplitudes are [60, 68] c m = exp(iπα) sin(πα)
Hence, an electromagnetic beam carrying an arbitrary amount α of OAM is a superposition of discrete classical OAM eigenmodes E m [80] that are mutually orthogonal in a function space sense and therefore propagate independently of each other [81] . For a beam of electromagnetic waves that propagates along a given direction, chosen to be the z axis in a cylindrical coordinate system, the phase factor of the waves is typically e iβ where β = αϕ + k z z − ωt. From Eqn. 20 we see that α = k ϕ ρ where k ϕ is the azimuthal wave number, and therefore the z component of the angular momentum in units of carried by the beam. This angular momentum adds, in effect, an extra dimension of periodic variation, augmenting the one-dimensional ordinary frequency axis to a two-dimensional frequency plane as outlined graphically in Fig. 1 . The horizontal axis represents the usual temporal phase oscillation rate ω = ∂ β /∂t, and the vertical axis represents the angular phase rotation rate α = ∂ β /∂ ϕ in a plane perpendicular to the propagation axis of the beam. Since this additional dimension in the frequency is the result of making use of a hitherto unexploited physical property of the electromagnetic field, wireless communication based on angular momentum is fundamentally different from present-day wireless engineering techniques. Hence, it does not require arrays of multiple, spaced antennas or other transducers as is the case for, e.g., the multiple-input-multiple-output (MIMO) technique [82] . Neither does it require massive, power-consuming digital post-processing and has therefore been described as a cost-effective and "green" alternative to MIMO [83] .
From a more fundamental physical point of view, the capacity increase made possible by invoking the angular momentum physics layer compared to systems that are based solely on the linear momentum physics layer, is consistent with the fact that all classical fields carry angular momentum [40, 84, 85] and that the dynamics of a physical system is not completely determined unless both its total linear momentum and its total angular momentum are specified [86] . Specifying only one of them is not sufficient. Therefore, utilizing only the linear momentum and not the angular momentum of a system of charges, currents and the pertinent electromagnetic fields is not exploiting such a system to its full capacity.
From the discussion above, it should be clear that in order to ensure not to waste capacity and/or capability in radio science and technology, including radio communications, one must, in addition to the one-dimensional translational degrees of freedom represented by the system's linear momentum, make use also of the mechanical and electromagnetic angular momenta of the system [3, 4, 6, 40, 47-53, 55, 87-91] , i.e., the rotational degrees of freedom that are necessary to correctly determine the system's two-and three-dimensional dynamics [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] .
As is the case for electromagnetic linear momentum, electromagnetic angular momentum can propagate not only in free space, but also in-and interact with-various propagation media [80, 109] , including plasma [5, [110] [111] [112] [113] [114] [115] . This includes waveguides [116] , and optical fibers [66] where the decay rate, due to absorption, is the same for the angular momentum density as is it for the linear angular momentum density.
III. PHYSICS
In this section we discuss the physics of electromagnetic fields generated by arbitrary, generic sources, and their relation to the electromagnetic observables. In particular, we describe specific properties of the electromagnetic angular momentum observable that sets it apart from the electromagnetic linear momentum observable when it comes to information-carrying capacity for a system with single monolithic transducers ("antennas") at each end of the link and within a given frequency bandwidth.
A. Electromagnetic fields and observables
Let us consider a finite (source) volume V that is located in otherwise empty space (free space) and let V contain an arbitrary distribution of electric charge density ρ e (t , x ) and electric current density j e (t , x ) but no net magnetic charge or current densities (ρ m = 0, j m = 0); in conventional radio, V is the volume in space that is occupied by the transmitting antenna, and j e (t , x ) is the conduction current constrained to oscillate along this antenna. The fields produced by the sources in V propagate to a remotely located observer who uses a sensor of finite volume V to integrate (average) the densities carried by the field at the local time t at the local coordinate x in V into observables; in conventional radio, V is the volume occupied by the receiving antenna and j e (t, x) is the conduction current density constrained to oscillate along this antenna.
The elemental fields dE and dB set up at time t in a small volume element d 3 x around the point x in the observation (sensing) volume V originate primarily from the local dynamics at the retarded time t of the charges and currents in a small volume element d 3 x around the point x in the source volume V . These elemental fields were emitted at the retarded time
and propagated to x along the local unit vector
Choosing a convenient gauge, one can readily calculate exact, closed-form generic expressions for the electrodynamic scalar and vector potentials φ e and A e . From these potentials it is possible to derive exact expressions for the corresponding generic electromagnetic elemental fields-as well as the fields themselves-directly, without the intermediate step of solving the Maxwell-Lorentz equations from first principles or even calculating the explicit potentials themselves [4, [117] [118] [119] [120] .
If the sources in V are at rest (i.e., have no bulk motion) relative to the observation/field point x (assumed to be at rest in the lab system, then the elemental fields can be expressed in terms of a non-covariant field vector density Θ Θ Θ e ∈ R 3 as follows:
We note that dE ⊥ dB always (∀t) and everywhere (∀x). The field vector density Θ Θ Θ e is a combination of expressions involving the sources ρ e and j e . There are several representations of this combination. Here we choose the representation [6, 121, 122] [123]
where
An appealing feature of this representation is that the expressions for the four vectors a j do not involve any spatial derivatives, which are known to be cumbersome because of mathematical subtleties due to the retardation that mixes space and time [see Eqn. (22)] as pointed out by Heras [124] . Furthermore, |a e j |, j = 1, 2, 3, all have a 1/|x − x | 2 spatial fall-off, whereas |a e 4 | falls off as 1/|x − x | and therefore dominates over the other three at very long distances |x − x | from the source volume V .
As is well known, it is always possible-and often usefulto decompose a vector v it into its component v parallel to a unit vectorê e e, and its component v ⊥ transverse toê e e, according to the following scheme:
where v = v ê e e = (v · · ·ê e e)ê e e (26b)
We shall use this decomposition several times in the following and start with Θ Θ Θ e that we write as a sum of one longitudinal component, Θ Θ Θ e , parallel to the unit vectork k k, and one transverse
where The local fields E(t, x) and B(t, x) at a single field point in the observation volume V are obtained by integrating the contributions from the vector density over the entire source volume V , i.e., from Eqns. (24) and (25), taking vector perpendicularity into account,
Hence, Θ Θ Θ e behaves as a volumetric super-density, that, when integrated, yields exact expressions for the fields from which one can, in turn, calculate exact expressions for volumetric densities of the observables that are generated by the sources in V .
In terms of the Riemann-Silberstein vector (2), the two expressions in Eqns. (24) can be combined into the single complex vector expression
is a vector in C 3 . Using the decomposition (27) , this complex vector can be written
Owing to the fact that the real and imaginary parts of the vector Θ Θ Θ ⊥ are of equal magnitude and perpendicular to each other in Figure 2 . The charges and currents localized in the small volume element d 3 x at the point x in the source volume V around a fixed reference point x 0 give rise to elemental fields dE(t, x, x ) and dB(t, x, x ) in the volume element d 3 x at the observation point (field point) x in the measurement volume V around a fix reference point x 0 . These elemental fields propagate along the unit vector of x − x that connects x with x, denotedk k k(x, x ). If all individualk k k(x, x ) from all individual source points x in V that reach x are almost parallel, for instance if V has a small lateral extent as seen from x (as illustrated), all these unit vectors can be replaced by the x independent unit vectorn n n (x) =k k k(x, x 0 ) that connects x 0 with x. This is the paraxial approximation [120] . R 3 , it has the following properties:
We see that Θ Θ Θ ⊥ behaves as a null (light-cone) vector.
B. Useful approximations
We noticed above that the vector density Θ Θ Θ e as given by Eqns. (25) has one part, represented by the vectors a 1 and a 2 given by Eqns. (25b) and (25c), that is parallel to the unit vectork k k from a point in the source volume V to a point in the observation volume V over which the observables are integrated, and another part, represented by the vectors a 3 and a 4 in Eqns. (25d) and (25e), that is perpendicular tok k k.
a. The paraxial approximation In a configuration where all the source points x in V are observed at x in V such thatk k k(x, x ) are all nearly parallel, the paraxial approximation, illustrated in Fig. 2 , can be applied. This amounts to settinĝ
i.e., approximating the unit vector from x to x with the x-ward pointing normal unit vector of a sphere centered on a fixed reference point x 0 in V . When we introduce this approximation into the exact expressions for the vectors a e j in Eqns. (25), we obtain the paraxially approximate vectors
These expressions can be further simplified with the help of vector algebraic identities, with the result that the field vector density given by Eqns. (27) can be approximated by
If, for compactness, we introduce the overdot (˙) notatioṅ
and suppress obvious arguments, then
Using the above expressions (36), we conclude that in the paraxial approximation the formulas (28) can be approximated by
Whereas E parax has two mutually perpendicular components, B parax has only one component. This component is perpendicular both ton n n and to the component of E parax that, in turn, is perpendicular ton n n. These geometrical properties always hold in the paraxial approximation, even if the far-zone approximation is not applicable.
A consistent paraxial approximation expression for the electromagnetic linear momentum density is obtained by inserting the paraxially valid approximate expressions (37) for the fields into the exact expression (A11). The result is
The angular momentum density carried by [E(t, x), B(t, x)] is given by the exact expression (A38). Inserting the paraxially valid approximate expressions (37) for the fields into (A38), we obtain
The first term in the second RHS is the angular momentum around the moment point y = 0
as follows from Eqns. (38) and a well-known vector identity. Recalling that, by definition, the radius vector x from the source, located at the origin, to the field point is x = |x|n n n , we see that this simplifies to
showing that in the paraxial approximation the angular momentum density around the origin depends on the longitudinal component of the electric field vector, is always anti-parallel to the magnetic field vector, and that the bilinear field term is multiplied by a factor that grows linearly with distance |x| from the source. Using the paraxial relation (37b) and simple vector algebra, we can rewrite Eqn. (41) in the following way:
where ⊗ ⊗ ⊗ is the dyadic product operator. In a spherical polar coordinate system (r, ϑ , ϕ) where x = rr r r andr r r =n n n we obtain
The longitudinal (radial) part of the electric field E = E r falls off as 1/r 2 and the transverse magnetic field B ⊥ falls off as 1/r, which means that their product falls off as 1/r 3 . But since the formula contains a factor r multiplying the product of the fields that precisely compensates for the faster fall off of E = E r , the angular momentum density, to leading order in r, always falls off as 1/r 2 . This result is generally valid for radiation from arbitrary charge and/or current distributions ρ e and j e . It is valid for small and large beam widths alike, for any beam shape, form and direction, and for sensor volumes of any (finite) size and shape, even for antennas that intercept only a fraction of the beam [45, 62, 121] . b. The far-zone approximation In the far-zone approximation, the integrands (27) and (36) can be consistently approximated in order to further simplify the integrals (28) and (37), respectively. With reference to Fig. 2 , and with the choice of the reference point x 0 as the origin of the spherical polar coordinate used, implying that
x − x 0 = r = rr r r (44a)
x − x 0 = r = r r r r (44b) the identity
holds. For configurations such that the shortest distance between V and V is large, or, more precisely,
the Taylor expansion
converges rapidly. This allows us to set 1/|x − x | ≈ 1/r in Eqns. (36) . As a result, the un-truncated expressions for the longitudinal and transverse components of the field density vector in the combined paraxial and far-zone approximations can be written
Accordingly, the integrals in Eqns. (37) 
Then, under the assumption of paraxial as well as far-zone approximation, we can write the parallel and perpendicular components of the fields as follows:
Evaluating the linear momentum density formula (A10) in the paraxial approximation, keeping all terms and approximating each one in a consistent way, we find that far away from the source the linear momentum density is given by the accurate formula
where the approximate, but un-truncated expressions
can be used. If we express this result in terms of the integrals in Eqns. (37), we find that as the distance r from the source tends to infinity, then, to leading order in r, the linear momentum density vector is given by the truncated expression
To leading order in r the magnitude of this vector is the scalar
a well-known formula exhibiting the expected r −2 fall-off. We note that the magnitude of the far-zone linear momentum density [and thereby also the far-zone Poynting vector; see Eqn. (A12)] has, to leading order in r, a simple dependence on the sources, being completely determined by one source integral only, and therefore by (the asymptotic approximation of) the single term a e 4 of the sum in expression (25) .
Evaluating the un-truncated expression for the angular momentum density, Eqn. (A37), in the paraxial approximation, and far away from the source, is trickier. Noticing that x = rn n n , we see that the angular momentum density cannot be obtained from the longitudinal part of the linear momentum density (53c) that is the dominating one in the far zone because the vector product with x would yield zero. Instead we have to use Eqn. (43) to obtain the un-truncated expression h field paraxfar (0) = − cq e (t ) + I e (t )
Expressing this result explicitly in the integrals in Eqns. (37) , and truncating consistently, we obtain
As can be seen, the magnitude of the angular momentum density has an r −2 asymptotic fall-off [see also Table II and Abraham [45] , Tamburini et al. [62] , and Thidé et al. [121] ], but the expression (56), involving four source integrals, is considerably more complicated than the corresponding approximate expression (54) for the linear momentum density. We also see that far away from V , the dominating contribution to the magnitude of the linear momentum density (Poynting vector) comes from the asymptotic approximation of the far-zone a e 4 term in the integrands in Eqns. (28) for E and B. However, the dominating contribution to the magnitude of the angular momentum in the same region comes from the near-zone a e 1 and a e 2 terms for E and the far-zone a e 4 term for B. Hence, as was shown by Then and Thidé [103] , the far-zone E field has in general no influence on the far-zone angular momentum as was shown by Then and Thidé [103] . This may at first seem like a paradox but is a fact that was established already a century ago by Abraham [45] ; see also Then and Thidé [103] and Tamburini et al. [62] . Hence, whereas it is easy to use far-zone data to modify the properties of the far-zone linear momentum density in a feedback manner, it is quite cumbersome to do the same for the angular momentum density.
IV. IMPLEMENTATION
For many reasons, not least to overcome the problem of frequency congestion, it is desirable to strive for a more resourceconserving, efficient and flexible use of the electromagnetic field in radio science, radar, and wireless communication applications than is possible with the prevalent linear-momentum techniques. Furthermore, it is usually easier to achieve a high degree of coherence and phase accuracy at radio wavelengths than at optical ones. Hence, as pointed out in Thidé et al. [57] , it is often more convenient to perform fundamental studies of electromagnetic radiation, including those addressed in this article, in radio than in optics. In this Section we discuss physical issues that are essential to consider when developing and implementing angular momentum techniques in the radio domain.
Let us consider a spatially limited source volume V from which an electromagnetic beam is emitted during a finite time interval ∆t into free space where there is no creation or annihilation of neither linear nor angular field momentum. As shown in Sect. III, a sufficiently long time t 0 after the end of this signal "pulse" has left the source region it will be propagating radially outward with speed c into the surrounding free space and be located in a finite volume V 0 between two spherical shells, one with radius r 0 = ct 0 relative to a reference point x 0 in V (see Fig. 2 ), and another with radius r 0 + ∆r 0 where ∆r 0 = c∆t [3] . According to the conservation laws (A22) and (A49), the field momentum p field and angular momentum J field contained in this spatially limited volume do not fall off asymptotically at large distances from the source.
Consequently, both linear and angular electromagnetic field momenta can propagate-and be used for information transfer-over in principle arbitrarily long distances. Of course, the magnitude and angular distribution of the respective momentum densities depend on the specific spatio-temporal and topological properties of the actual radiating and receiving transducers ("antennas") used. Some transducers, such as linear dipoles and similar one-dimensional antennas used in radio today, are effective radiators and sensors of linear momentum, whereas well-defined coherent superpositions of angular momentum eigenmodes are more optimally radiated and sensed by transducers making full use of two-or three-dimensional current distributions.
A. Wireless information transfer using linear momentum
If we identify the individual terms in the global law of conservation of linear momentum in a closed volume, (A22), we can rewrite this equation as a balance equation between the time rate change of mechanical linear momentum, i.e., the force on the matter (the charged mechanical particles) in V , the time rate change of field linear momentum in V , and the flow of field linear momentum into V as follows:
Force on the matter
Hence, electric charges that are subject to an oscillating EMF from a transmitter, fed into an antenna via a transmission line, experience a mechanical force. This mechanical force sets these charges into translational motion and therefore gives rise to a time-varying linear conduction current density j e (t , x ) in V . The conservation law (A22) also shows that j e (t , x ) is accompanied by the simultaneous emission of a time-varying electromagnetic field linear momentum p field (t) that propagates in free space away from V in the form of the linear momentum density g field (t, x ), as described in earlier Sections and in Appendix A. For illustrative purposes, let us consider an electromechanical system of fields interacting with point charges q i , i = 1, 2, . . . , j, . . . , n, located at x i at time t i . All charges have the same charge q and same mass m. The charge density ρ e j representing the jth point charge q j at x j can be described in the form of the Dirac delta distribution
We then find that the Lorentz force acting on q j due to the Maxwell stresses is
Expressed in the mechanical linear momentum of particle j, p mech j , this can be written dp mech
This illustrates that the process of estimating the fields from the measured current in a linear antenna of finite one-dimensional extent where the charges experience a holonomic constraint is difficult and can only be projective. The situation gets worse if we also include self-interaction effects, re-radiation, preacceleration and related complications [55, Supplement] . In a remote volume V that also contains electric charges, the conservation law (A22) shows that the reverse process takes place in that (a part of) the flow of field linear momentum density g field (t, x) emitted from V is integrated in V into a field linear momentum p field (t) that is accompanied by a mechanical linear momentum p mech (t). This gives rise to a translational motion of the charges and, hence, a translational (non-rotational) conduction current. If V is a very thin cylindrical conductor, as in typical radio communications scenarios, this is a one-dimensional, scalar, conduction current, called the "antenna current", that is fed to the receiving equipment through a transmission line. Clearly, such a linear receiving antenna system senses the electromagnetic linear momentum carried by the radio beam but cannot sense the electromagnetic angular momentum carried by the same beam. As we have seen, this technique, on which most of today's radio science and communication applications rests, is based on the linear momentum physical layer.
When the fields are emitted from a localized source, e.g., a typical transmitting antenna, it is convenient to evaluate the integral in the right-hand member of Eqn. (A19), determining the field linear momentum in a volume away from V , in a spherical polar coordinate system (r, ϑ , ϕ) with its origin at the center of the source region, e.g., the antenna phase center. Consequently, the total linear momentum carried by such an electromagnetic "pulse" of finite duration δt is
when it propagates in free space [3] . The integration over the angular domain (the two last integrals) yields a function of r (53) and (54) . Taking into account that this function shall in the remaining (i.e., first) integral in the right-hand member of Eqn. (62) be first multiplied by r 2 and thereafter integrated over the finite radial interval [r 0 , r 0 + ∆r 0 ] ≡ [ct 0 , c(t 0 + ∆t)], we see that |p field | tends to a constant when r 0 tends to infinity. This asymptotic independence of distance from a localized source, allowing the field linear momentum generated by this source to be transported all the way to infinity without radial fall-off and therefore be irreversibly lost there, is the celebrated arrow of radiation asymmetry (see Eddington [125, pp. 328-329] , Jackson [4, Chap. 6], Zeh [126] , and Rohrlich [55, Chap. 9] ).
The angular distribution in the far zone of the magnitude of the linear momentum density, |g fieldfar | and, consequently, of the Poynting vector |S| [see relation (A12)], is usually called "the radiation pattern" or, in the case of antenna engineering, "the antenna pattern" or "antenna diagram".
B. Wireless information transfer using angular momentum
As the global law of conservation of angular momentum in a closed volume, Eqn. (A49), shows, the electric charges in a source volume V that are subject to a time-varying surface integrated angular momentum flux M M M suffer a change in their total mechanical angular momentum h mech , i.e., a mechanical torque τ τ τ mech . This mechanical torque sets these charges into two-or three-dimensional rotational motion that causes the emission of a superposition of electromagnetic angular momentum eigenmodes that propagates in free space away from V in the form of the angular momentum density h field as described in earlier Sections and in Appendix A.
Eqn. (A49) can be written in the form of a balance equation between the time rate change of mechanical torque on the matter in V (the charged mechanical particles), the time rate change of field angular momentum and the flow of angular momentum across the surface S, which encloses V , as follows:
Field angular momentum
For illustrative purposes we consider the jth charge q j in a system of n point charges q i , i = 1, 2, . . . , j, . . . , n, each carrying the charge q. The charge density can be represented by the Dirac delta distribution as given by Eqn. (59). Then we find that the mechanical torque on q j is
where F j is the Lorentz force on q j , given by Eqn. (60) . In a remote observation volume V containing charges that can move freely in all directions, the reverse process takes place in that (a part of) the flow of field angular momentum density emitted from V is intercepted and integrated into a mechanical angular momentum J mech . This gives rise to a rotational motion of the charges and, hence, to a two-or three-dimensional rotational (non-translational) current density in V . Therefore, a receiving antenna for electromagnetic angular momentum carried by a radio beam must be a transducer that can detect the vectorial property of the current density and therefore must be two-or three-dimensional; a one-dimensional linear antenna of the type discussed in the previous subsection can only detect linear momentum. Applications that use the angular momentum degrees of freedom must therefore be implemented in techniques that are based on the angular momentum physical layer.
The field angular momentum about the origin, J field (0), contained in the "pulse" emitted from the same localized source and volume as described by equation (62) , is
The expressions (56) and (57) explicitly show that the angular momentum density h field emitted from any electromagnetic radiation source has precisely the same asymptotic r −2 radial fall-off in all directions as the linear momentum density g field . Hence, it is clear that also |J field | tends asymptotically to a constant value and is irreversibly lost when the "pulse" approaches infinity. This is the angular momentum analog of the linear momentum arrow of radiation.
We point out that for one and the same radiating device ("antenna"), the angular distribution of the radiated angular momentum density |h field | is quite different from the angular distribution of the radiated linear momentum density, |g field |; see Eqns. (53) and (56), ThidÃl' et al. [5] , and Then and Thidé [103] . Figure 4 . Same as Fig. 3 , but for the case that the beam also carries a z component of OAM, L z , with azimuthal quantum number (mode index) m = 1, corresponding to a phase variation e iϕ of the field where ϕ is the azimuth angle around the z axis. As a result, the instantaneous direction of the field vector depends on ϕ in addition to varying with time due to SAM.
Spin angular momentum (SAM) vs. orbital angular momentum (OAM)
It is shown in Subsection A 3 in Appendix A, that if the vector potential A fulfills the criteria for Helmholtz decomposition, it is possible to separate the analytic expression for the total field angular momentum, J field , into two exact, gauge independent expressions. One that is not dependent of the moment point, Σ Σ Σ field , viz., expression (A51a), and one that is, L field , viz., expression (A51b). In radio communication scenarios these expressions can be identified with the spin and angular momentum, respectively, of the radio beam. Figure 3 illustrates how the intrinsic spin part of the angular momentum (SAM), Σ Σ Σ field , manifests itself as a unison rotation in time of the field vectors such that they all have one and the same direction across the phase front of the beam at given time t, and all have rotated into another direction (modulo 2π in oscillation frequency phase ωt) in each point at time t +∆t. Hence, the measurement of SAM (polarization) requires temporal coherence.
A common technique to observe and exploit SAM in radio is to use two co-located linear dipole antennas arranged orthogonally to each other and to determine the polarization state by comparing the phases of the antenna currents induced in the two antennas by using interferometry. In antenna engineering such antennas are known as turnstile antennas [99, 108, 127] In contrast to SAM, the orbital part of the electrodynamic angular momentum, the orbital angular momentum (OAM), L field , is an extrinsic (coordinate dependent) property. Figure 4 illustrates how OAM manifests itself as a rotation in space of the field vectors such that they at any given instant have different directions (modulo 2π in oscillation frequency phase ωt) for different azimuth angles positions ϕ and ϕ +∆ϕ around the z (beam) axis in the phase plane. Hence, the measurement of OAM requires spatial coherence.
As the conservation law (A49) shows, angular-momentum radio beams should ideally be radiated and sensed by "antennas" based on torque action [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] , i.e., transducers allowing the particles move and currents to flow freely in all directions, rather than in only one direction as in linear antennas of a dipole type that are based on force action (1D translational oscillations/rectilinear acceleration of charges; antenna currents). Interesting possibilities to develop monolithic transducers that can generate and sense SAM and OAM are offered by optomechanics [108, [129] [130] [131] [132] , spintronics [133, 134] , and orbitronics [135, 136] .
Since the direct generation and detection of angular momentum modes requires transducers that are based on rotational degrees of freedom and torque, they must in general allow three-dimensional currents. If, however, the rotation is confined to a single plane, it suffices that the transducers are two-dimensional. Such "antennas" are not yet readily available for the radio frequency range. However, spatially distributed phased arrays of linear-momentum antennas used in today's radio astronomy and wireless communications, e.g., MIMO, spatially sample a radio beam in discrete points and therefore can approximate, within the limitations and constraints set by the sampling theorem, the properties of a continuous two-and three-dimensional transducer. Hence, such arrays can be used for analyzing and synthesizing a finite subset of the OAM eigenmodes and coherent superpositions thereof [57] . This makes it possible to use currently available radio equipment and techniques for experimental investigations of certain properties of electromagnetic angular momentum. These experiments amount to measuring the 1D translational currents, i.e. one component of the linear momentum of the charges, in the individual antenna elements over a plane and then performing a phase gradient analysis [5, 77, 91, [137] [138] [139] [140] and post-processing the data so that the approximate (and possibly aliased) spectrum of the z component of the angular momentum, L z can be estimated and the individual OAM eigenmodes be extracted and an approximation of the correct spectrum of individual OAM eigenmodes and the information they carry be decoded. It should be emphasized that this way of estimating L z is based on the application of the operator in (A53c) on the electric (or magnetic) field, which, as was discussed in Sect. II, is not directly observable. Investigations of the properties of OAM using available array antennas pave the way for the development of future innovative angular momentum radio concepts.
Whereas it is possible to use arrays of conventional linearmomentum antennas (e.g., dipole antennas) to enable exploitation of a small set of angular momentum modes in applications, it is not necessary to do so. It should also be emphasized that for EM beams of the kind used in radio astronomy, radar investigations, radio communications and similar applications, OAM is distinctively different from-and independent of-SAM (wave polarization). If such a beam is already N-fold OAM encoded, utilizing also SAM will double the information transfer capacity by virtue of the fact that the dimension of the state space then doubles from N to 2N.
Electric dipoles
A very common antenna type in radio is the half-wavelength dipole. Many qualitative as well as quantitative characteristics of this antenna are fairly accurately approximated by an electric Hertzian dipole, i.e., an antenna whose length L is much shorter than the wavelength λ of its emitted (nearly monochromatic) field, L λ , so that the phase of the antenna current can be considered constant over L, a condition that simplifies the analysis considerably. Let us therefore calculate analytically the linear and angular momentum densities emitted by a single Hertzian dipoles and combinations of such dipoles. We choose a Cartesian coordinate system (x 1 , x 2 , x 3 ) where the x 3 axis coincides with the polar axis of a spherical polar coordinate system (r, ϑ , ϕ) and let the two systems have the same origin x = 0.
a. Single Hertzian dipole The properties of Hertzian dipoles are described in many textbooks [4, 6, 40] and explicit formulas are derived in Appendix B.
According to Eqn. (B17) for E 3 × × × B 3 the electromagnetic linear momentum density, g field 3 = ε 0 E 3 × × × B 3 , emitted from a single Hertizan dipole d 3 (0) located at the origin and directed along the x 3 axis, has nine different vector components. Five of them are longitudinal ( r r r) and four of them are transverse (⊥r r r). It follows trivially from Planck's relation, Eqn. (A12), that the same is also true for the Poynting vector S. However, the different components have different fall-offs, implying that far away from the dipole the following approximation holds:
To the same degree of approximation, the cycle (temporal) average of the Poynting vector in the far zone is, to leading order,
where we used the fact that k = ω/c and that
This is a well-known result that can be found in most textbooks.
To calculate the electromagnetic angular momentum density around y = 0 we use Eqn. (A37), Eqn. (B17), and the fact that x = rr r r andr r r × × ×θ ϑ ϑ = −φ ϕ ϕ to obtain the exact expression h field 3 (t, r, ϑ , ϕ; 0) = rr r r × × × g
where the functions f n are given by Eqns. (B12). At very long distances from a Hertzian dipole located at the origin and oscillating along the x 3 axis we can use the approximation in Eqn. (66) for g field 3 . Because of the geometry, only the transverse part (⊥r r r) of the linear momentum density, where the dominating part is O(r −3 ), contributes to the linear momentum density in the far zone. The radial component ( r r r) of the linear momentum density (Poynting vector) , which is O(r −2 ) does not contribute to the angular momentum density. If it would, then expression (65) for the total angular momentum at very large distances of a "pulse" would grow without bounds as the "pulse" propagates, thus violating fundamental laws of physics such as the conservation of energy. See the detailed, clarifying discussion about this by Abraham [45] ; an English translation of the essential part of this discussion is included in Tamburini et al. [62] . This almost paradoxical fact is also discussed by Low [141] . Therefore, in the far zone, the angular momentum density is
This result shows that h field 3 far has the expected r −2 fall off, has no z component, and oscillates at 2ω along −φ ϕ ϕ. This causes an electric charge in the far zone but not located at ϑ = nπ/2, n ∈ Z to rotate around its own center of mass in the osculating plane normal toφ ϕ ϕ. However, the temporal (cycle) average of h field 3 far is zero, which makes it nontrivial to measure this rotational motion. It is tempting to relate this and similar double-frequency terms to Zitterbewegung [35] . b. Two co-located crossed Hertzian dipoles We now want to calculate the field linear and angular momenta emitted from a system of two co-located monochromatic Hertzian dipoles, one spatially rotated from the other by π/2, fed at the same frequency but with different temporal phase shifts. For this purpose we chose the two Hertzian dipoles d j , j = 1, 2 with their generated fields described by Eqns. (B14). Since the total field is a superposition of the fields from the two individual dipoles, the total linear momentum density g field 1&2 emitted by the two dipoles is
We see that in addition to the vector sum of the two linear momentum densities from the individual dipoles d 1 and d 2 , the total linear momentum contains two interference terms g field 12 and g field 21 which appear due to the fact that the total electromagnetic field is the superposition of the fields from each dipole. Using Eqns. (B15)-(B16) and (B18)-(B19), we can calculate the exact expression for g field 1&2 , and from that, using Eqn. (A37), the exact expression for the total angular momentum density h field 1&2 . If the two dipole moments have equal
, and are in phase quadrature relative each other, δ 1 = 0 and δ 2 = π/2, we find that the exact expression for the z component of the angular momentum density h field 1&2 , valid in all of space outside the dipoles, is
To turn the z component of the angular momentum density, h field 1&2 z , radiated from two co-located Hertzian dipoles, arranged perpendicular to each other and oscillating in quadrature phase, into the observable z component of the total field angular momentum, J field z (0), we must integrate (72) over an observation volume V . Choosing V as in Eqn. (65), i.e., as the region between two spherical shells with radii r 0 and r 0 + ∆r 0 , representing the radial extent of the "pulse" emitted, we obtain
where h field 
we obtain
If we now integrate over all polar angles ϑ from ϑ 1 = 0 to ϑ 2 = π, we obtain the explicit, closed-form expression
where the only time dependence comes from the duration of the emitted "pulse" ∆t = ∆r 0 /c. When the distance r 0 that the "pulse" has propagated is very large so that the 1/r 2 0 contribution can be neglected, the z component of the field angular momentum can be approximated by
which propagates without radial fall-off as expected. If the observation volume V , i.e., the angular momentum sensing antenna, is a very thin circular ring in the xy plane (ϑ = π/2) centered on the dipoles and with a radius r 0 , the integrals in Eqn. (73) are trivial and the result is
The experimental results in [108] agree with this prediction. Comparing Eqn. (78) with Eqn. (4) in [108] , shows that the latter is in error; there is a factor of 2π missing which explains the factor of ∼ 6 discrepancy.
Special angular momentum antennas
Proof-of-concept experiments have shown that it is possible to use the total angular momentum, i.e., the SAM+OAM physical observable, as a new physical layer for radio science and technology exploitation. These studies include numerical experiments [57] showing that it is feasible to utilize OAM in radio; controlled anechoic chamber laboratory experiments [60] verifying that it is possible to generate and transmit radio beams carrying non-integer OAM and to measure their OAM spectra in the form of weighted superpositions of different integer OAM eigenmodes each with its own quantum number (mode index), also known as topological charge; and outdoor experiments [61, 67, 142] , verifying that in a real-world setting different signals, physically encoded in different OAM modes and overlapping each other in space and time, can be transmitted independently to a receiver located in the (linear momentum) far zone and be resolved there. These experimental findings have recently been verified in independent laboratory experiments [67] .
Transducers that are capable of generating and detecting angular momentum directly will have to be at least twodimensional. An example is the flat plate antenna developed by Bennis et al. [140] . Alternatively, one can equip single linearmomentum antennas with azimuthally dependent reflectors or lenses [60, 67] . This includes helicoidal parabolic antennas [61, 143] .
C. Angular momentum and multi-transducer techniques
The multi-antenna technique for enhancing the capacity of a link using linear momentum that goes by the name multipleinput-multiple-output (MIMO) amounts to utilizing the fact that the EM linear momentum p field emitted from an ordinary antenna-typically a linear dipole-is a vector quantity. Dividing this EM linear momentum vector up into M equal components such that . Communicating with electromagnetic angular momentum J field in the presence of a reflecting surface. Angular momentum is a pseudovector and therefore J field suffers a parity change when it is reflected off a dense medium. Taking this parity change into account properly, the reflected pseudovector can be used in MIMOtype schemes for enhancing the spectral density of angular-momentum radio communications, over and above the enhancement offered by the multi-state capability of angular momentum relative to the single-state linear momentum.
letting each p field n be emitted from one of M linear momentum antennas and propagate along different paths to the receiving end where the individual EM linear momenta p field n are combined vectorially, the spectral efficiency and/or the signal-to-noise-ratio (SNR) can, under certain circumstances be increased.
A MIMO-like enhancement of the radio spectral capacity can be achieved by the alternative technique of letting a beam of linear momentum p field emitted from an antenna be reflected off a wall, say. This works because the linear momentum Table II . Similarities and differences between the EM linear momentum density, g field (t, x) , and the EM angular momentum density around a moment point x 0 , h field (t, x, x 0 ), carried by a classical electromagnetic field [E(t, x), B(t, x)] in the presence of matter (particles) with mechanical linear momentum density g mech (t, x) and mechanical angular momentum density h mech (t, x, x 0 ).
Property
Linear momentum density Angular momentum density
Odd Odd density (Poynting) vector is an ordinary (polar) vector and therefore does not suffer any parity change upon reflection. This is illustrated schematically in Fig. 5 ; see also Fig. 1 in Andrews et al. [144] where the authors plot a vector that they call "polarization," which apparently is the (approximate) farfield electric field vector. For this to work, the Heisenberg uncertainty relation for momentum must be fulfilled. If λ denotes the wavelength, then p field n = /λ is the x component of the linear momentum of each photon of the monochromatic radio beam emitted from the nth antenna and this relation becomes
Hence the spatial separation ∆x between the linear momenta must be at least λ /2 in order to be statistically independent. In practical radio implementations this means that the distance between one (translational current carrying) antenna and another one must fulfill the inequality
Consequently, the space-time distance between each individual linear-momentum MIMO antenna must be at least half a wavelength; in practical implementations the separation must be much larger. This limits the usefulness of the MIMO technique in practice. Furthermore, MIMO often requires substantial post-processing and this limits its usefulness even further [83, 145, 146] .
As described earlier, when wireless communication is based on the angular momentum physics layer, it is possible, in an ideal case, to N-tuple the capacity within a fixed frequency bandwidth of a SISO system using single monolithic antennas at both the transmitting and the receiving ends. Furthermore, replacing the single antennas by M transmitting and receiving antennas to split the orbital angular momentum
it should be possible to achieve an N × M-fold increase in capacity. Using, in addition to this OAM MIMO technique, also wave polarization (spin angular momentum, SAM), the total capacity will be 2N × M higher than for a linear-momentum SISO channel. As illustrated in Figure 6 , the exploitation of the angular momentum technique in a reflective environment requires that the parity of J field can be taken properly into account. Experiments have shown that this is feasible [147] .
V. SUMMARY
We have presented a review of those fundamental physical principles that comprise the foundation for radio science and technology. We have clarified that in electromagnetic experiments and applications such as wireless communications, one has to rely on the existence and judicious use of electromagnetic observables and have emphasized the fact that by exploiting the angular momentum observable, in addition to the linear momentum observable, many advantages can be achieved.
The similarities and differences between linear momentum and angular momentum based techniques in radio science and communication applications are summarized in Table II and in  the following list: 1. Techniques based on the linear momentum degrees of freedom of an electromechanical system exploits the translational degrees of freedom of the EM field and the associated particles.
(a) The linear momentum p field (t) can be measured remotely-and thereby utilized in applicationsby using a conduction current based device that integrates the local linear momentum density g field (t, x) over a one-dimensional volume V , typically a very thin cylinder as is the case for a linear electric dipole antenna. From such a nonlocal measurement one can estimate the (weighted) average of the primary EM field over V but not determine the exact field (within instrumental errors).
2. Techniques based on the angular momentum degrees of freedom of an electromechanical system exploits the rotational degrees of freedom of the EM field and the associated particles.
(a) The angular momentum J field (t) can be measured remotely-and thereby utilized in applicationsby using a conduction current based device, or a spin-and/or orbit current based device, that integrates the local angular momentum density h field (t, x) over a two-or three-dimensional volume.
(b) In a beam situation typical for radio communication links, radio astronomy observations, and radar applications, the spin and angular parts of the angular momentum, Σ Σ Σ field and J field respectively, can be separated (or, alternatively, both the helicity and the total angular momentum of the beam can be measured). The main differences between the two parts of the angular momenta are:
i. The spin part of the angular momentum (SAM, polarization), Σ Σ Σ field , manifests itself as a rotation in time of the field vectors such that they have different directions (oscillation phase) modulo 2π at one position x in the phase front at different times t and t + ∆t. Hence, the measurement of SAM (polarization) requires temporal coherence.
ii. The orbital part of the angular momentum (OAM, twist), L field , manifests itself as a rotation in space of the field vectors such that they have different directions (oscillation phase) modulo 2π at different azimuthal angles ϕ and ϕ + ∆ϕ in the phase plane at a given instant t. Hence, the measurement of OAM (twist) requires spatial coherence.
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All in all the electromagnetic field has 84 constants of motion [148] . If all conserved quantities of an integrable physical system are known, the system dynamics can be obtained trivially by formulating it in terms of action-angle variables. Electromagnetic conservation laws can be viewed as constraints on the field dynamics and, in this sense, every conserved quantity is physically significant. The information contained in the conserved quantities corresponds one-to-one to the information contained in the Maxwell-Lorentz postulates [149] .
Energy
The energy density u field (t, x) carried by the fields generated by the sources in V is
which, according to Eqns. (2) and Table I , can be written
Outside the source volume, the field energy in a certain observation volume V can be measured with an appropriate energy sensor, e.g., a calorimeter or bolometer, that integrates u field over V . With the energy flux vector (Poynting vector) S(t, x) given by the formula
or, using Eqns. (2) and Table I ,
the energy density balance equation, which follows straightforwardly from the Maxwell-Lorentz equations (1), takes the form
i.e., a local continuity equation for the field energy density with a sink (loss) term j e · · · E. By using Eqns. (2), (A1b), and (A2b), we can write this as
If ρ mech (t , x ) denotes the local mechanical mass density field and v mech (t , x ) the local mechanical velocity field of the charged particles at a point in V , then, in the approximation where statistical mechanics as well as relativistic and quantum physics effects are negligible, the electric current density j e (t , x ) carried by the charged particles can be written as j e = ρ e v mech and the loss term in Eqn. (A3) can therefore be identified as the increase in mechanical energy density of the particles [3, 4] :
representing dissipation due to Ohmic losses, i.e., transfer of field energy density to mechanical energy density of the current-carrying particles. This identification makes it possible to introduce the total energy density of the electromechanical system under study (charged particles and their associated fields)
and to put Eqn. (A3) in the form of an equation of continuity where there are no sources or sinks (losses) [3, 4] :
We let U(t) denote energy (volume integrated energy density). Then, in obvious notation, the system energy is the sum of the energy of the particles and and the energy of the field:
Volume integrating the local continuity equation (A7) and using the divergence theorem, the corresponding global continuity equation can be written
This is the Poynting theorem, also known as the energy theorem in Maxwell's theory. It is utilized, for instance, in radiometry. The field energy itself is utilized in simple, broadband "onoff" signaling as was used in Marconi's first radio experiments and also in optical fiber communications. The conservation of energy as described by (A9) is a manifestation of the temporal translation invariance symmetry of electrodynamics and describes the kinematics of the system.
Linear momentum
The electromagnetic linear momentum density g field (t, x) radiated from V is [3] [4] [5] 53] 
or, using Eqns. (2),
and is, in free space, simply related to the Poynting vector (A2) by the Planck relation
Let us introduce the electromagnetic linear momentum flux tensor T T T(t, x) as the negative of Maxwell's stress tensor [3, 5] 
where 1 1 3 is the rank-3 unit tensor and ⊗ ⊗ ⊗ the tensor (Kronecker, dyadic) product operator. Then the balance equation for linear momentum density that follows from the Maxwell-Lorentz equations (1) can be written [3] [4] [5] 
This polar vector f is the Lorentz force density [150] that behaves like a loss of field linear momentum density. By using Eqns. (2), (A11), and (A13b) we can write this local equation of continuity for linear momentum density as
In an electromechanical system of charged, massive particles and pertinent fields, e.g., a transmitting antenna, the mechanical linear momentum density the particles is
The local equation of continuity of linear momentum of an electromechanical system, directly derivable from Maxwell's equations, can therefore be written [3] [4] [5] 55 ]
is the system linear momentum density. The classical electromagnetic field linear momentum p field that is localized inside a volume V embedded in free space is obtained by volume integrating the linear momentum density g field over V [4, 5, 55] 
This integration can be done by using an appropriate volume integrating linear momentum sensor, e.g., a linear dipole antenna. The mechanical linear momentum in V is
which means that the total linear momentum of the system of particles and fields in V is
It fulfills the global conservation law [3, 4, 6 ] dp sys dt
This is the linear momentum theorem in Maxwell's theory. It demonstrates that not only the mechanical particles (charges) but also the electromagnetic field itself carries linear momentum (translational momentum) that couples to the mechanical linear momentum of the matter (charged particles) and thereby to the conduction current carried by the charged particles.
a. Gauge invariance
It is common practice to investigate the properties of the electromagnetic observables that we consider here, by expressing the fields in terms of their potentials [151] . If the vector potential A(t, x) is twice continuously differentiable in space, it is well known that it fulfills the vector analytic identity [see, e.g., Thidé [6] ]
The last integral, to be evaluated over a surface S enclosing the entire volume V within which A = 0 is localized, vanishes if it is evaluated at very large distances and the expression within the big parentheses falls off faster than 1/|x − x | 2 = 1/r 2 , or if it is perpendicular to the normal unit vectorn n n , or if it has certain (a)symmetry properties. [152] . Then, Helmholtz's decomposition is applicable, allowing us to write
where A irrot is the irrotational part of A, fulfilling ∇ ∇ ∇× × ×A irrot = 0, and A rotat is the rotational part, fulfilling ∇ ∇ ∇ · · · A rotat = 0. Hence A rotat is gauge invariant by definition, and
If we take (A19) as a starting point, and assume that not only the vector potential A can be Helmholtz decomposed, but also E is so well-behaved that it can be decomposed as
then the electromagnetic linear (translational) momentum can be represented by the gauge invariant expression
Using straightforward vector analysis, we obtain the following result [6] 
Whenever Eqns. (A24) and (A26) hold, this gauge invariant expression for p field is exact. If the electric field is such that it cannot be Helmholtz decomposed, every occurrence of E irrot and E rotat in Eqn. A27 and Eqn. A28 has to be replaced by E but would still be exact and gauge independent. If the expression within the big parentheses in the integrand of the last integral in Eqn. (A23) is such that this surface integral grows without bounds at very large distances, it is not possible to decompose the vector potential as described by Eqn. (A24) and A rotat and E rotat in Eqn. A27 and Eqn. A28 would have to be replaced by A and E.
b. First quantization formalism
If we restrict ourselves to consider a single temporal Fourier component of the rotational ('transverse') component of E in a region where ρ e = 0, we find that in complex representation
which allows us to replace A rotat by −iE rotat /ω, yielding,
If the tensor (dyadic) E⊗ ⊗ ⊗ (E rotat ) * is regular and falls off sufficiently rapidly at large distances or ifn n n · · · E = 0, we can discard the surface integral term and find that the cycle averaged linear momentum carried by the rotational components of the fields, E rotat and B rotat ≡ B = ∇ ∇ ∇ × × × A rotat , is
In complex tensor notation this can be written
Making use of the field linear momentum operator, Eqn. (5), we can write the expression for the linear momentum of the electromagnetic field in terms of this operator as
If we introduce the vector
we can write
or, if we assume Einstein's summation convention,
Thus we can represent the cycle (temporal) averaged linear momentum carried by a monochromatic electromagnetic field as a sum of diagonal quantal matrix elements (expectation values) where the rotational ('transverse') component of the (scaled) electric field vector behaves as a kind of vector wavefunction. Methods based on electromagnetic linear momentum are used for radio science and radar applications, and for wireless communications.
Angular momentum
The volumetric density of the electromagnetic field angular momentum, radiated from V is [53, Sect. 10.6], [3, 6] 
where y = ∑ 3 j=1 y jx x x j is a regular but otherwise arbitrary point (the moment point). Using Eqns. (2), we can write this in complex notation as
The mechanical angular momentum density of the charged particles around y is
As emphasized by Truesdell [86] , [153] angular momentum (also known as moment of momentum) is a physical observable in its own right, in general independent of and not derivable from linear momentum. Therefore, as is well known, the knowledge of one of these two observables does not automatically imply a knowledge of the other. This also follows from Noether's theorem [154, 155] .
Let us introduce the electromagnetic angular momentum flux pseudotensor M M M(y) = (x − y) × × ×T T T
where T T T is defined by formula (A13), and the physically observable the Lorentz torque density pseudovector (axial vector) around the moment point y is τ τ τ(t, x − y) = (x − y) × × × f(t, x)
where f is the Lorentz force density defined by formula (A14b). Then the following local conservation law can be derived from Maxwell's equations [3, 4, 6] ∂ h field (y) ∂t
Hence, there is a loss of field angular momentum density to the mechanical angular momentum density, in the form of Lorentz torque density τ τ τ, showing that the angular momentum of the electromagnetic field and the rotational dynamics of the charges and currents are coupled to each other. By using Eqns. (2), (A38), and (A13b) we can write this local equation of continuity for angular momentum density as
Recalling the definition (A39) of the mechanical angular momentum density, and that the angular momentum density of the system is h sys (t, x; y) = h field (t, x; y) + h mech (t, x; y) (A44) the continuity equation (A42) can be written ∂ h sys (t, x; y) ∂t
This shows that a volume containing an arbitrary distribution of charge density ρ e (t , x ) and current density j e (t , x ) does not only radiate linear momentum density (Poynting vector) but also angular momentum density into the surrounding free space; see also [121] . However, since angular momentum describes rotations, it cannot be sensed by a single linear dipole or similar one-dimensional linear-momentum sensing antenna.
The total classical electromagnetic angular momentum around an arbitrary moment point y carried by the electromagnetic field in a volume V is [see also Mandel and Wolf 
where, in the last step, Eqn. (A20) was used. Hence, the total angular momentum of the system of particles and fields in V is J sys (t; y) = J field (t; y) + J mech (t; y)
= J sys (t; 0) − y × × × p sys (t)
Clearly, if p sys = 0, then it is always possible to find a moment point y that makes the total system angular momentum vanish. If, on the other hand, p sys = 0, then the total system angular momentum is independent of moment point y.
The total angular momentum of the system of charges, currents and fields fulfills the global conservation law [3, 5, 55] i.e., a continuity equation without sources and sinks showing that for a constant angular momentum flux (including zero) the system's angular momentum is a constant of motion. This is the angular momentum theorem in Maxwell's theory. It shows that not only the mechanical particles (charges) but also the electromagnetic field itself carries angular momentum (rotational momentum) that couples to the mechanical angular momentum of the matter (charged particles) and thereby to the conduction current carried by the charged particles. We see that the conservation law (A49) describes the angular momentum analogs of the linear momentum processes described by the conservation law (A22) and shows that the use of single monolithic antenna devices based on torque action will allow an alternative way of transferring information but with the added benefit of higher information density offered by the inherent quantized multi-state property of the classical electromagnetic angular momentum.
a. Gauge invariance
If the vector potential can be decomposed as in Subsubsect. A 2 a and if one used several vector analytic identities and employing partial integration, it is possible to derive an exact, manifestly gauge invariant expression for the total field angular momentum J field that is the sum of two pseudovectors, one independent and one dependent of the moment point y. The result is [6] J field (t, y) = Σ Σ Σ field (t) + L field (t, y)
and L field (t, y) = The last integral vanishes if the integrand is regular and falls off sufficiently rapidly, becomes perpendicular ton n n, or otherwise causes the surface integral to go to zero at very large distances. However, if the vector potential A is not regular and/or does not fall off faster than 1/r as r tends to infinity, the separation of J field into Σ Σ Σ field and L field is not gauge invariant and, hence, not unique; cf. Leader [156] and Białynicki-Birula and Białynicka-Birula [157] .
b. First quantization formalism
Let us now assume that A is so well-behaved that the conditions for Helmholtz's decomposition (A24) are fulfilled and, furthermore, that ρ e vanishes in the region of interest. Particularizing to a single temporal Fourier component of the field ∝ exp (−iωt), we can then write E = −∂ A/∂t = iωA and obtain the following expressions for the cycle averages of Σ Σ Σ field and L field in complex notation:
We note that if the cycle averaged electromagnetic field linear momentum p field t = 0, it is always possible to choose the moment point y such that L field (y) t = 0. But if p field t = 0, i.e., if the cycle average of the linear momentum of the monochromatic field in question vanishes in a volume V , then the cycle averaged OAM, L field t , is independent of y in V . In a beam geometry the quantity Σ Σ Σ field can often to a good approximation be identified with the spin angular momentum (SAM) carried by the field, and L field with its orbital angular momentum (OAM).
The fact that we can express the temporal averages p field As is well known from quantum mechanics, but true also for classical fields, the Cartesian components ofL L L expressed in cylindrical coordinates (ρ, ϕ, z) arê
duly recalling that should be divided out; cf. formula (A52b). The magnitude squared of the orbital angular momentum operator is
with eigenvalues 2 l(l + 1). Orbital angular momentum is utilized in photonics and in optical trapping [90, [158] [159] [160] but has not yet been exploited fully in wireless communications. The conservation of angular momentum is a consequence of the rotational symmetry of electrodynamics.
Boost momentum
Due to the invariance of Maxwell's equations under Lorentz transformations, the first spatial momentum of the energy density (A1), and the linear momentum density (A10) multiplied by the elapsed time ξ ξ ξ (t, x) = 2(x − y)u field − (t − t 0 ) 1
fulfills a local (differential) conservation law. The integrated quantity
is the center of energy [161] . Apparently this physical observable has not yet been exploited to any significant extent in radio or optics.
